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ABSTRACT
A bibliography on the Hurwitz transformations is given. We deal here,









sion. These transformations are derived in the context of Fock-Bargmann-
Schwinger calculus with special emphasis on angular momentum theory.
1. Introduction
The subject of this paper diers from the one (Hurwitz transformations and quantum
groups) of the oral presentation given by one of us (M. K.) at the workshop. In fact, al-
though very interesting, the use of non-bijective canonical transformations (like the Hurwitz
transformations) in connection with quantum groups is a rather limited subject as far as
the Hurwitz factorization problem is concerned. Therefore, the present work is devoted to
some non-bijective canonical transformations directly connected to the Hurwitz factorization
problem.
1
A prototype of non-bijective canonical transformations is provided by the (now so-
called) Kustaanheimo-Stiefel (KS) transformation [1]. Indeed, this transformation is inher-






[2] and is closely related to the theory of Cartan
spinors [1,3,4] and, therefore, to the theory of Hamilton quaternions. Since the basic works
of Refs. [1,4], the KS transformation and more general non-bijective canonical transforma-
tions have been the object of numerous studies [5-23]. In particular, the algebra of (ordinary)
quaternions [1,6,7,9,11,12] and, more generally, the Cayley-Dickson algebras of (ordinary and
hyperbolic) hypercomplex numbers [10,16] proved to be an appropriate framework for deriv-
ing quadratic transformations which extend the Levi-Civita [1] and the KS transformations.
In addition, it has been shown [22] that the use of Cayley-Dickson algebras also allows to
generate non-quadratic transformations as for example the Fock [24] (stereographic) trans-
formation.
According to Lambert and Kibler [16], an Hurwitz transformation is dened as follows.
Let A(c) be a Cayley-Dickson algebra of dimension 2m and j an anti-involution of A(c).












), : : : for the algebras of complex
numbers, quaternions, octonions, : : :, respectively, where the c
i
's are 1.) The map
A(c)!A(c) : u 7! x = u j(u) (0a)
denes a (right) Hurwitz transformation which can be described in matrix form by
x = A(u) "u (0b)
where " is a 2m2m matrix describing the anti-involution j and A(u) a matrix generalizing
the ones encountered in the Hurwitz factorization problem which originally corresponds
to the cases (2m = 2 ; c
1
=  1), (2m = 4 ; c
1
=  1 ; c
2
=  1), (2m = 8 ; c
1





=  1). The KS transformation is associated to (2m = 4 ; c
1
=  1 ; c
2
=  1). It is to
be noticed that, besides the Hurwitz transformations dened by equation (0), there are other
quadratic transformations (the so-called quasi-Hurwitz and pseudo-Hurwitz transformations
[16]) which can be obtained by replacing " by an euclidean or pseudo-euclideanmetric matrix.
2
Furthermore, non-quadratic transformations can be obtained [22] when replacing A(u) by
A(u)
N
in equation (0) ; the geometrical interpretation of the latter transformations is an
interesting problem. The reader may consult the papers by Lambert and Randriamihamison
in these proceedings for other transformations in an enlarged Hurwitz context.













=  1 ; c
3
=  1), in the framework of Fock-Bargmann-Schwinger [25-27] calculus.









acquire a nice signicance in terms of angular momenta. The material reported here thus
sheds light on the Hurwitz transformations in a new direction. In particular, it might be
useful for the denition of Hurwitz transformations in the context of quantum matrix groups
a la Woronowicz [28] ; as a matter of fact, the presentation adopted here makes use of a
matrix realization of SU(2) that might be easily deformed in order to switch to the quantum
group SU
q
(2). From a physical point of view, the formalism described in the present paper is









) as well as for the separation between vibration and rotation
motions. The reader may consult the paper by Campigotto in these proceedings for a recent
application of the KS transformation to the hydrogen-oscillator connection.
The paper is organized in the following way. Section 2 is devoted to some prelimi-








. Appendices 1 and 2 contain some elements on Fock-Bargmann-Schwinger calculus.
Finally, some dierential aspects of the considered Hurwitz transformations are relegated to
appendices 3 and 4.
The present work constitutes a revision and an extension of the one contained in a
preliminary note published in Ref. [23].
One of the authors (M. K.) acknowledges A. Ronveaux and D. Lambert for inviting
3
him to give a talk at the workshop. He is also grateful to M.D. Vivarelli and B. Cordani for
sending him articles prior to publication.
2. Preliminaries








of the group SU(2). To establish the notation, let 	 be the function
























































































where the function 
jm

















(j +m)! (j  m)!
(3)
In the main body of this paper we shall use the coordinates (
p
























i.e., the Euler-angle (quaternionic) coordinates.














), we look for invariants fq
0
g with
respect to some group with innitesimal operators fP
q
g. The coordinates fq; q
0
g chosen are
precisely those simple combinations of the quaternionic coordinates of
4
which are especially


















= r sin  cos' x
2
= r sin  sin' x
3
= r cos  (6)
for the coordinates of
3





= 0 (i = 1; 2; 3) (7)

















= 0 for m = 0, it is
























especially in view of its importance for generating basis functions of the group SO(3).
The expression S
b
can be derived by integrating in the Fock-Bargmann space F
2
the
function 	, in the form given by (2), multiplied by a convenient factor. As a point of fact,


































































after repeated use of the composition rule of Appendix 1. As an intermediate result, from









































































































). Introducing (12) into (13) and identifying the so-obtained relation to
































The latter relations are a simple rewriting of three of the relations dening the KS transfor-


















































































dierentiable map dened by (16) corresponds to the transformation orig-





's. The compatibility between (4), (6) and (14) gives to (16) its specic form owing to
(15). In the terminology of Lambert and Kibler [16] and of Kibler and Winternitz [19], the
transformation (16) can be identied to an Hurwitz transformation of type (c
0
) associated
to a certain anti-involution of the Cayley-Dickson algebra A( 1; 1), which is isomorphic
to the algebra of Hamilton quaternions.



















































































































which corresponds, in the notation of Ref. [16], to the Hurwitz transformation associated to
the anti-involution j
1




u, up to a re-labeling
in x
0




= r sin  cos x
0
2
= r sin  sin x
0
3
= r cos  (19)






= 0 (i = 1; 2; 3) (20)












Of course, the transformation (18) is equivalent to the transformation (16). Both trans-















vector elds. The next step is to examine, still in the framework
of Fock-Bargmann-Schwinger calculus, the implications of (16) and (18) in the language of





































are the images in F
2





































) generate the Lie algebra of the group SO(4).













eigenvalues m and m
0

















































































We begin with the image
^

































































































































































of the coordinates u






























































































dened in the real symplectic Lie algebra sp(8; ).






































































































































are the three Cartesian components of
~
L expressed in the algebra sp(8; ).





















] = 0 (30)




: j = 1; 2; 3g spans the Lie algebra
so(4) in an su(2)  su(2) basis, as expected from the angular momentum theory developed
in an SO(4) presentation (cf. Ref. [31]).




L are angular momenta















), respectively. More precisely, it is
a simple matter of calculation to show that the components of
~






























































































































































). Further, we note that in order to pass from the operator
~
K dened by (24) to
the operator
~




. This reects the fact that




















Finally, it should be observed that the constraint operatorX discussed by many authors


















































for the transformation (18). In this respect, the constraint relation
Xf = 0 (35)
holds either for X = (2=i)K
3






) or forX = (2=i)L
3










where f is a (one-fold) dierentiable function. (Equation (35) was the starting point of
our derivation of the transformations (16) and (18).) The operator X generates an so(2)
subalgebra, with so(2) = so(2)
K
for X = (2=i)K
3
and so(2) = so(2)
L
for X = (2=i)L
3
, of
the symplectic Lie algebra sp(8; ). The corresponding Lie algebra under constraints is
cent
sp(8;)
(so(2))=so(2) = so(4; 2)  su(2; 2) (36)
10
(see Kibler and Negadi [8] and Kibler and Winternitz [19]). To close this section, note that

















case. To deal with
8
, we start from
two copies of
4
and choose the coordinates in the following manner. Let us consider two
particles, say, 1 and 2. Let ( ; ; ') be, in this section, the angular coordinates of the




; : : : ; x
5
) the ve remaining coordinates necessary to completely


















= 0 (i = 1; 2; : : : ; 5) (37)

































K of section 3 for the particles 1 and 2, respectively.) We call SO(3)
K
the



















stand for generating functions of type 	 (see section 3) associated to the
particles 1 and 2, respectively, is simply the uncoupled generating function corresponding

















































































































































Following Bargmann [26] and Schwinger [27], the coupled generating function 	
c
for the

























































































































































































for the 3 jm symbols of the group SU(2) in an SU(2)  U(1) basis. Then, the exponential
in (43) can be transformed owing to (44) and the integration performed by expanding 	
uc
in terms of 
jm
's and by using the orthonormality property of the functions 
jm
(see





























































































































rotational invariance depicted by (38) is ensured if we assume that  =  = 0 in
(45). Then, by taking  =  = 0 and by introducing (39) and (40) into (43), the integration


















































































's. Without loss of generality, we can assume that  = 1. Therefore, equations (46)
and (47) show that 	
c










































and we have to identify W with U
y
























































, see equation (53) below.) The fth rotational invariant x
5
























































































































































































































































































































































which obviously reects the fact that our approach is connected with bi-quaternions.
According to Lambert and Kibler [16], the latter map is associated to a certain Hurwitz
transformation. The three corresponding constraint operators (generalizing the operator X















(2)] (j = 1; 2; 3) (58)
and thus acquire a signicance in terms of generalized angular momentum. In this connec-
tion, the Lie algebra of SO(3)
K
identies to what Kibler and Negadi [8] and Kibler and

























































































































] = (; ) (see Ref. [16]).




(i = 1; 2; : : : ; 5) invariant under the group SO(3)
L











L(2) refer to the angular momenta for the
















= 0 (i = 1; 2; : : : ; 5) (60)
















= 0 (i = 1; 2; : : : ; 5) (61)


















































































































































































































































































). Such a map corresponds, up to a change of notations, to the Hurwitz
transformation associated to the anti-involution j
1
of the algebra of octonions A( 1; 1; 1)



















(2)] (j = 1; 2; 3) (65)
and the corresponding one-forms !
j
























































































































maps dened via equations (55) and (58), on one hand, and via equations
(63) and (65), on the other hand, are identical up to a re-labeling of the various variables.
For both maps, we have
Xf = 0 (67)
with either X 2 so(3)
K




; : : : ; x
5
) or X 2 so(3)
L














is clearly a subalgebra of the real symplectic Lie algebra sp(16; ) and the corre-
sponding Lie algebra under constraints is
cent
sp(16;)
(so(3)) = so(6; 2)  so

(8) (68)







with compact ber S
3




maps are discussed in Appendix 4.
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Appendix 1: Fock-Bargmann-Schwinger calculus
Let F
n







) being a point of the n-dimensional complex (Euclidean) space
n
. Such a space






























































































































2 k = 1; 2; : : : ; n







) = 1 if k 6= ` or e

if k = `
for any  and  in .























































constitutes an orthonormal basis for F
1



























dx dy = e







for any  and  in .
The case n = 2. This case is of special interest for the theory of angular momentum.















(J +M)! (J  M)!
2J 2 M =  J; J + 1; : : : ; J

































and consequently the set
f
JM
: 2J 2 ; M =  J; J + 1; : : : ; Jg
spans an orthonormal basis for F
2



















. It is a matter of simple calculation to
























































































































g spans the same, viz, with the same structure constants, su(2) Lie algebra







The miscellaneous formulas reported in this appendix are at the root of Fock-Bargmann-
Schwinger calculus [25-27] and are used for n = 2 (with  = a or b) and n = 4 (with  = a
and c or b and d) in sections 3 and 4 of the present paper.
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A	. The latter relation allows to
derive the image
^




Appendix 3: Laplacians for the KS transformation







. It covers results obtained by Kustaanheimo and Stiefel [1], Ikeda
and Miyachi [4], Boiteux [5], Kibler and Negadi [8], Polubarinov [10], D'Hoker and Vinet
[32], and Lambert and Kibler [16] for the KS transformation. We shall deal in this appendix




map dened by equations
(4) and (14-16).







































Integration on  from 0 to 4 (i.e., integration on the ber of the
4


































































































































































is given in the coordinates (
p


















+ 2 cos  d d'+ d'
2
)]



















































(cos  d'+ d )
2
The constraint

































) =  r (cos  d'+ d )











is to be used if ! 6= 0:
22




































as follows. In the Euler-angle coordinates (
p
r;  ; ; ') of
4
,
















































while in the spherical coordinates (r; ; ') of
3






















































































in agreement with a well-known result (see Boiteux [5] and Kibler and Negadi [8]). However,
when (
3






































The third term in the right-hand side of the latter general formula does not occur in the
corresponding formula of Ref. [8] ; the geometrical interpretation of this fact is an interesting




























































) can be rewritten (in the general case) in a somewhat
symmetric form.
We close this appendix with a remark concerning the canonical character of the KS


















provided that the constraint
1
2r






be satised. The canonicity of the KS transformation arises from the latter two relations












+ dF characterizing a canonical or contact
transformation in classical mechanics).
Extensions. The results contained in this appendix can be developed for the non-













and are associated to brations on hyperboloids with compact
or non-compact ber, respectively (see Ref. [16]).
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We shall deal in this appendix with the transformation dened through equations (55)



































map dened by (16). Therefore, we
may think to introduce in an easy way Euler-angle coordinates (
p














Euler-angle coordinates. It is sucient to work with the inverse transformation,
dened up to an S
3
sphere, for obtaining the u

's in terms of, what we call, the Euler-angle
coordinates (
p































































sin cos  cos'
+ cos 
2

























cos cos  cos'
+ cos 
2






























































cos cos  cos')
25
Then, by introducing the latter equations into (55), we obtain
x
5












































) are clearly the \spherical" coordinates for
5
.










































where the one-forms !
i
(i = 1; 2; 3) are dened in (59).




) can be expressed in the coordinates
(
p


































; : : : ; x
5
). The corresponding




; : : : ; x
5





; : : : ; u
8
) can be obtained from one of the authors (M. K.).




transformation (55-59) turns out to









































Extensions. The results contained in this appendix can be developed for the non-













and are associated to brations on hyperboloids with compact or
non-compact ber, respectively (see Ref. [16]).
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